Let γ be an automorphism of a fermion-boson C * -system. If γ commutes with an arbitrary asymptotically abelian group of automorphisms, then it preserves the fermion grading symmetry.
Introduction and Main result
Let (F, Θ) be a Z 2 -graded C * -system. The graded structure is given as F = F + ⊕ F − , where F + and F − are even and odd parts of F: F + = {a ∈ F|Θ(a) = a}, F − = {a ∈ F|Θ(a) = −a}.
(1)
Our (F, Θ) represents a fermion-boson field (on a non-compact space), and the involution automorphism Θ gives Fermion grading. We denote the commutator and anti-commutator by [x, y] = xy − yx and {x, y} = xy + yx for x, y ∈ F. Let α t , t ∈ R, be a one-parameter group of automorphisms of F. (The parameter group can be the integer Z.) It is said that (the action of) α t is asymptotically abelian in the C * -norm, if
for every x ± ∈ F ± and y ± ∈ F ± . Throughout this note, lim t→∞ always indicates the C * -norm convergence.
Let us quote the following well known fact shown by Lanford-Robinson [1] and independently by Powers [2] .
Fact. If a state ω of F is invariant under any one-parameter group of automorphisms α t that satisfies (2), then it is Θ-invariant, equivalently, ω(x) = 0 for all x ∈ F − .
We shall prove a similar statement for dynamics as follows. Theorem 1. Let γ be an automorphism of a fermion-boson C * -system F and let α t be a one-parameter group of automorphisms of F that satisfies the asymptotically abelian condition (2) . If γ commutes with α t , that is,
then γ preserves the fermion grading symmetry,
A special case of this theorem was shown in our previous work, Proposition 8.1 [3] , where F is a lattice fermion system and α t is its shift-translation automorphisms group. We invent a proof method that works without such restrictions.
Proofs
Lemma 2. Let α t be an arbitrary asymptotically abelian one-parameter group of automorphisms of F. (5) is obviously satisfied for any y ∈ F and hence for any y ∈ F − by the assumed asymptotic abelianness of α t (2). We show the converse direction. Take an arbitrary x ∈ F. Set
for any y ∈ F, especially for any y ∈ F − . For odd y, we have by (2) lim
Take an arbitrary unitary element u in F − for the above y. Then
and hence
Thus the requirement of (5) for y = u ∈ F − shows that x − should be 0,
The proof is straightforward. For any x ∈ F − , (6) obviously holds for any y ∈ F − by the asymptotic abelianness of α t (2). To show the converse, take x ∈ F, x ± = 1/2 x ± Θ(x) ∈ F ± . For any y ∈ F − we have Take an arbitrary unitary u ∈ F − for the above y. As in (7) we have
Hence we obtain lim t→∞ {x, α t (u)} = 2 x + .
By this equality the requirement of (6) for y = u ∈ F − implies that x + should be 0, namely, x ∈ F − . 2
Remark. In the above we have assumed the existence of a unitary element u in F − , which may be (generically) true.
Proposition 3. Let α t be an asymptotically abelian one-parameter group of automorphisms of F. Then it preserves the fermion grading symmetry.
Proof. The statement is equivalent to say that for each s ∈ R, α s (x) ∈ F + for any x ∈ F + , and α s (x) ∈ F − for any x ∈ F − . For any x, y ∈ F and s, t ∈ R,
Hence by Lemma 2 (a) ′ we obtain (by letting t → ∞ and s fixed for every y ∈ F) that x ∈ F + is equivalent to α s (x) ∈ F + . Similarly, for any x, y ∈ F and s, t ∈ R,
Hence by Lemma 2 (b), x ∈ F − is equivalent to α s (x) ∈ F − . 2
We start the proof of the main theorem. Proof of Theorem 1 : From the assumption γα t = α t γ, it follows for any x, y ∈ F that
Hence by Lemma 2 (a) ′ and γ −1 (F) = F, γ(x) ∈ F + is equivalent to x ∈ F + . Take an arbitrary odd element x ∈ F − . We shall show that γ(x) is odd. The even-odd decomposition of γ(x) is written as
Take the anti-commutator of γ(x) and α t (γ(x)):
Since x ∈ F − and α t is asymptotically abelian, we have
On the other hand, letting the parameter t of (12) infinity we have by the asymptotic abelianness of α t that
Since the first term
converge to 0 as t goes to infinity in order to satisfy (14). It was shown in Lemma 2.2 [4] that any asymptotic abelian group of automorphisms for general simple C * -systems that are bosonic and have no fermion part satisfies the asymptotically independent property (see this reference). Applying this fact to α t on F + , we have
Since (16) should be 0, b + is 0. Thus we conclude that for any
Remark. In (16) we did assume that the C * -algebra F + is simple. It must be the case for usual physical settings.
Comments
We shall refer to the topology of the asymptotically abelian condition (2) . We have assumed the C * -norm convergence and used it crucially in the proofs. We have not studied the case of another weaker norm for (2).
We finally remark on the meaning of supercharge operators. Heuristically for a given supercharge operator Q, the following two linear transformations are given on a fermion-boson algebra:
The above δ Q is a generator of a supersymmetric transformation, while d Q satisfies the non-twisted Leibniz-rule and may generate a one-parameter group of automorphisms for t ∈ R by Ad(e itQ ) if Q is self-adjoint (Majorana). Note that now t is a real number not Grassmann. In [5] the comparison of (usual) supersymmetric transformations and automorphism-type actions of odd generators is taken up. Our theorem shows that no translation covariant automorphism with odd generators exists for C * -systems on a non-compact space. Such one-to-one correspondence between superderivations (17) and non-twisted derivations (18) is available only when Q itself can be realized as a (decent) operator, say a self-adjoint operator. In fact the models treated in [5] are of finite degrees of freedom. From a mathematical viewpoint, we may consider that the superderivation is a firm concept for non-compact spaces rather than formally written supercharge operators. We refer the readers to [6] where some rigorous results of superderivations are shown under a C * -algebraic setting.
